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Abstract
In this paper we investigate the short-time decoherence of single Josephson charge qubit (JCQ). The measure of decoherence
is chosen as the maximum norm of the deviation density operator. It is shown that when the temperature low enough (for
example T = 30mK), within the elementary gate-operation time τg ∼ 12.7ps, the decoherence is smaller than 10−4 at present
setup of JCQ. The Josephson charge qubit is suitable to take the blocks for quantum computations according to the DiVincenzo
low decoherence criterion.
PACS numbers: 03.65.Ta, 03.65.Yz, 85.25.Cp
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I. INTRODUCTION
David DiVincenzo put forward five criteria for the can-
didates of quantum computing hardware to be satisfied
[1]. One of which is the low decoherence. An approxi-
mate benchmark of the criterion is a fidelity loss no more
than ∼ 10−4 per elementary quantum gate operation.
The Josephson junction is considered to be a promising
physical realization of qubit. So it is a very significa-
tive work to investigate the decoherence of the qubits
based on the Josephson junctions. To perform quanti-
tative studying of the decoherence for a given system,
in general, one must firstly solve the quantum dynamics
problem of the system coupled to the environment. Many
kinds of methods have been used for this purposes [2] [3].
The decoherence of the qubit based on Josephson junc-
tions have been studied by many authors. In their inves-
tigations the dynamics appeal to the Redfield formalism
[4] or Bloch-type [5] master equations, where the Markov
approximation are used [6]. The approximation is usually
used to evaluate approach to the thermal state at large
times. However, a quantum gate operation is finished in
a instantaneous time so the approximation may be not
suitable to investigate the decoherence of the qubit gates
for quantum computing purposes. Recently, V. Privman
et al. introduced two measures to quantify the short-
time decoherence [7] [8]. The measures are based on the
short-time approximation of the split-operator and de-
rived from a operator norm ‖A‖ (seeing the following
definition). By using these measures V. Privman et al.
investigated some spin-boson models. In this paper we
use one of the measures investigating the short-time de-
coherence of the single Josephson charge qubit (JCQ)
operations.
II. JCQ HAMILTONIAN AND A MEASURE OF
DECOHERENCE
In this section we firstly review the JCQ model and
then introduce the measure of decoherence used in this
paper. The single JCQ Hamiltonian is [5]
HR = Ech (n− ng)2 − EJ cosϕ. (1)
Here, Ech = e
2/ (Cg + CJ) is the charging energy; EJ =
Ic~/2e is the Josephson coupling energy [9], where Ic
is the critical current of the Josephson junction, ~ the
Planck’s constant divided 2pi, and e the charge of elec-
tron; ng = CgVg/2e is the dimensionless gate charge,
where Cg is the gate capacitance, Vg the controllable gate
voltage. The number operator n of (excess) Cooper pair
on the island, and the phase ϕ of the superconducting or-
der parameter, are quantum mechanically conjugate. Be-
cause the Josephson coupling energy EJ is much smaller
than the charging energy Ech, and both of them are much
smaller than the superconducting energy gap ∆, the
Hamiltonian Eq.(1) can be parameterized by the num-
ber of the Cooper pairs n on the island as [5] [10]
HR =
∑
n
{
Ech (n− ng)2 |n〉 〈n|
−1
2
EJ [|n〉 〈n+ 1|+ |n+ 1〉 〈n|]
}
. (2)
When ng is modulated to a half-integer, say ng = 1/2
the levels of two adjacent states are close to each other,
the Josephson tunneling mixes them strongly. When the
temperature T is low enough the system can be reduced
to a two-state system (qubit) because all other charge
states have much higher energy and can be neglected. So
the Hamiltonian of the system can approximately reads
Hs = −1
2
Bzσz − 1
2
Bxσx, (3)
where Bz = Ech (1− 2ng) and Bx = EJ . Eq.(3) is sim-
ilar to the ideal single qubit model [5], but it can be
modulated only by changing one parameter Bz. How-
ever, changing the parameter Bz (through switching the
gate voltage) one can perform the required one-bit op-
erations. If, for example, one chooses the idle state far
to the left from the degeneracy point, the eigenstate lose
to |0〉 and |1〉 . Then switching the system suddenly to
1
the degeneracy point for a time τ and back produces a
rotation in spin space [5],
UJ = exp
(
iEJτ
2
σx
)
=
(
cos τEJ2 isin
τEJ
2
isin τEJ2 cos
τEJ
2
)
. (4)
This can be obtained by modulating the gate voltage and
making Bz = Ech (1− 2ng) = 0. So it is interesting for
our to investigate the decoherence of this kind of qubit.
If we consider the interaction of the qubit and its envi-
ronment the total Hamiltonian becomes
H = Hs +HI +HB, (5)
where HB is the environment Hamiltonian which is usu-
ally modelled by a bath of an infinite number of the
harmonic oscillator models which is equivalence to an
infinity-mode electromagnetic field. The dissipation and
the decoherence of the quantum systems is considered
because of the coupling of the quantum system and the
fluctuating electromagnetic field. In the JCQ model, the
coupling of the qubit with the electromagnetic fluctua-
tions can be modeled by a impedance Z (ω) , placed in
series with the voltage (see Fig.1 of Ref.[12]). The bath
Hamiltonian HB and the interaction Hamiltonian HI are
HB =
∑
k
Mk, HI = Λs
∑
k
Nk, (6)
where Λs = σz and
Mk = ωka
†
kak, Nk = gka
†
k + g
∗
kak. (7)
Here, ωk are the bath mode frequencies, a
†
k and ak are
bosonic create and annihilation operators. Nk are the
freedom of environment and it is direct proportion to the
fluctuations of the voltage of the external circuits [5] [11]
and gk are the coupling constants.
Because the bath modes are infinite, their frequencies
can be taken continuous. The spectral density of the
continuous bath modes is
Jv (ω) =
∑
k
g2kδ (ω − ωk) (8)
because it can result in a same Johnson-Nyquist relation
which can be obtained from fluctuation-dissipation theo-
rem on this system. On the other hand, at low-frequency,
the spectral density behavior is
Jv (ω) = ηω
s exp (ω/ωc) , (9)
where ωc is the high-frequency cut-off and η is the dimen-
sionless strength of the dissipation. According to Ref.[12]
we know that in the particular interest ohmic case (s = 1)
[13], for the model of JCQ coupling with electromagnetic
fluctuations (see Fig.1 of Ref.[12]),
η =
R
RQ
(
Ct
CJ
)2
, (10)
where RQ = (2e)
2
/h is the (superconducting) resistance
quantum. From Eqs.(8) and (9) we know that for a ohmic
bath
g2kW (ω) = ηω exp (ω/ωc) , (11)
where W (ω) is the density of states.
There are many measures to characterize the decoher-
ence. Usually the environment being assumed to be a
large macroscopic the interaction with it leads to the
thermal equilibrium at temperature T . In this case,
Markovian type approximations can be used to quan-
tified the decoherent process and it usually yields the
exponential decay of the density matrix elements in the
energy basis of the Hamiltonian Hs. In this time scale
the measures of entropy and the first entropy are used
for quantifying the decoherence. But the decoherence
of the qubit gate operations cannot be characterized by
this methods because the time of the elementary quan-
tum gate operation is much shorter than the thermal
relaxation time. It has been shown that the norms ‖σ‖λ
is useful for describing the decoherence of the short-time
evolution. Here σ is the deviation operator defined as
σ (τ ) = ρ (τ)− ρi (τ) , (12)
where ρ (τ ) and ρi (τ ) are density matrixes of the “real”
evolution (with interaction) and the “ideal” one (without
interaction) of the investigated system. ‖σ‖λ is defined
as
‖σ‖λ = sup
ϕ6=0
( 〈ϕ|σ |ϕ〉
〈ϕ |ϕ〉
) 1
2
. (13)
For a qubit, the norm can be given by
‖σ‖λ =
√
|σ10|2 + |σ11|2. (14)
For a given system, the norm ‖σ‖λ increase with time,
reflecting the decoherence of the system. However, in
general it is oscillated at the system’s internal frequency.
Thus, the decohering effect of the bath is better quanti-
fied by the maximal operator norm, D (t) . This norm is
also defined a measure for characterizing the short-time
decoherence.
D (τ) = sup
ρ(0)
(‖σ (τ , ρ (0))‖λ) . (15)
In the following, we will calculate the ‖σ‖λ then the de-
coherence D of the JCQ.
III. DECOHERENCE OF JCQ OPERATIONS
As shown in above subsection, to calculate the deco-
herence of the JCQ we must study its evolution under the
interaction of the qubit with its environment. Suppose
the initial state of the system be R (0) = ρ (0)⊗Θ, where
2
ρ (0) is the initial state of JCQ and Θ is the initial state of
the environment, which is the product of the bath modes
density matrices θk. In the initial states, each bath mode
k is assumed to be thermalized, namely,
θk =
e−βMk
Trk (e−βMk)
, (16)
where β = 1/kT , k is the Boltzmann constant. So the
evolution operator may be
U = e−iHτ/ℏ = e−i(Hs+HI+HB)τ/ℏ. (17)
In the following we set t = τ/ℏ. Due to non-conservation
of Hs in this system, the evolution operator cannot be
in a general way expressed as e−iHste−i(HI+HB)t. But in
the sort-time approximation, the operator can be approx-
imately expressed as [14] [16]
U = e−iHst/2e−i(HI+HB)te−iHst/2 + o(t3). (18)
It has been proved that the expression is accurate enough
for the time being short to the characteristic time. So the
density matrix elements of the reduced density matrix
ρ (t) in the basis of operator Hs can be expressed as
ρmn = TrB 〈ϕm| e−iHst/2e−i(HI+HB)te−iHst/2R (0)
eiHst/2ei(HI+HB)teiHst/2 |ϕn〉 . (19)
By use of the completeness relation
∑ |·〉 〈·| = 1, we have
e±jHst/2 =
∑
j=0,1
e±itλj
∣∣ϕj〉 〈ϕj∣∣ , (20)
where
λ0,1 = ±Bx
2
= ±EJ
2
, (21)
and
|ϕ0〉 =
1√
2
(|0〉 − |1〉) ,
|ϕ1〉 =
1√
2
(|0〉+ |1〉) . (22)
Similarly,
e±i(HI+HB)t =
∑
n=0,1
e
±i
(
χn
∑
k
Jk+
∑
k
Mk
)
t |n〉 〈n| ,
(23)
where χ0,1 = ±1 and |n〉 = |0〉 or |1〉 , are the eigenvalues
and eigenstates of operator σz. So we have
ρmn (t) = TrB 〈ϕm|
∑
α=0,1
e−itλα |ϕα〉 〈ϕα|
∑
ξ=0,1
e−i(χξ
∑
k Jk+
∑
kMk)t |ξ〉 〈ξ|
∑
β=0,1
e−itλβ
∣∣ϕβ〉 〈ϕβ∣∣ ∑
p,q=0,1
∣∣ϕp〉 〈ϕq∣∣
ρpq (0)
∏
k
θk
∑
µ=0,1
eitλµ
∣∣ϕµ〉 〈ϕµ∣∣
∑
ς=0,1
e
i
(
χς
∑
k
Jk+
∑
k
Mk
)
t |ς〉 〈ς |
∑
ν=0,1
eitλν |ϕν〉 〈ϕν | ϕn〉 , (24)
namely,
ρmn (t) =
∑
α,β,ξ,ς,p,q,µ,ν=0,1
eit(λµ+λν−λα−λβ) 〈ϕm| ϕα〉
〈ϕα| ξ〉 〈ξ| ϕβ
〉 〈
ϕβ
∣∣ ϕp〉 〈ϕq∣∣ ϕµ〉 〈ϕµ∣∣ ς〉
〈ς | ϕν〉 〈ϕν | ϕn〉TrB
[
e
−i
(
χξ
∑
k
Jk+
∑
k
Mk
)
t
ρpq (0)
∏
k
θke
i
(
χς
∑
k
Jk+
∑
k
Mk
)
t
]
. (25)
In the Eq.(25) the TrB term is same as that in Ref.[7].
Enlightened by Privman’s works we can easily obtain
ρmn (t) =
∑
α,β,ξ,ς,p,q,µ,ν=0,1
eit(λµ+λν−λα−λβ)
〈ϕm| ϕα〉 〈ϕα| ξ〉 〈ξ| ϕβ
〉 〈
ϕβ
∣∣ ϕp〉〈
ϕq
∣∣ ϕµ〉 〈ϕµ∣∣ ς〉 〈ς| ϕν〉 〈ϕν | ϕn〉
ρpq (0) e
−B2(t)(χξ−χς)
2
/4−iC(t)(χ2ξ−χ2ς).(26)
Here,
B2 (t) = 8
∑
k
|gk|2
ω2k
sin2
ωkt
2
coth
βωk
2
,
C (t) =
∑
k
|gk|2
ω2k
(ωkt− sinωkt) , (27)
and |ξ〉 , |ς〉 ∈ {|0〉 , |1〉} . B2 (t) will affect the decoher-
ence but C (t) will not it quantifies purely a shift of the
energy levels of the qubit system. When the summation
in Eq.(27) is converted to integration in the limit of infi-
nite number of the bath modes, one has
B2 (t) = 8
∫
dωW (ω) g (ω)
2
ω−2 sin2
ωt
2
coth
βω
2
, (28)
for the real g (ω) . By using of Eq.(11) we can yield a
good qualitative estimate of the relaxation behavior [7],
[17]. From Ref.[13] we know the condition of Eq.(9) is
ωc~ ≫ EJ and ωc~ ≫ kBT . It is big enough for ωc to
take ωc~ = 200µev. Thus, in the following numerical
simulations we set the cutoff frequency ωc = 200 (the
unit is the reciprocal of t′s). Evaluating Eq.(26) we can
obtain the evolution of the density matrix elements of
the deduce density matrix ρ as
ρ10 (t) =
1
2
ρ10
(
1− e−B2(t) + eitEJ + eitEJ−B2(t)
)
,
ρ11 (t) =
1
2
ρ00
(
1− e−B2(t)
)
+
1
2
ρ11
(
1 + e−B
2(t)
)
,(29)
where ρ11 = ρ11 (0), ρ10 = ρ10 (0) . The evolution of the
closed qubit is ρi11 (t) = ρ11, and ρ
i
10 (t) = ρ10e
itEJ . So
we have
σ10 (t) =
1
2
ρ10
(
1− e−B2(t)
) (
1− eitEJ ) ,
σ11 (t) =
1
2
(
1− e−B2(t)
)
(ρ00 − ρ11) . (30)
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Then, we have
‖σ (t)‖λ =
1
2
(
1− e−B2(t)
)
{
(ρ00 − ρ11)2 + 4 |ρ10|2 sin2
EJ t
2
} 1
2
.(31)
The result is similar but not same to the norm in [7]
where Hs = −Ω2 σz and Λs = σx.
In the following, we numerically analyze the decoher-
ence. In the following calculation, three pure initial states
are chosen, they are |ϕ〉0 = (1, 0)T , (corresponding to
point); |ϕ〉1 =
(√
3
2 ,
1
2
)T
, (corresponding to above line);
|ϕ〉2 =
(√
1
2 ,
√
1
2
)T
, (corresponding to below line), [be-
cause it has been shown that evaluation of the supremum
over the initial density operators in order to find D, see
Eq.(15) one can do over only pure-state density opera-
tors [7]]. We choose EJ = 51.8µev according to [15],
and T = 30mK. In the model the typical impedance
of the control line is R ≈ 50Ω. Since RQ ≈ 6.5kΩ,
Y. Maklin et al. have suggested a value η ≈ 10−6 for
numerical simulations. We plot the norms ‖σ‖λ versus
time t in Fig.1.
Fig1.a, F ig1.b
Fig.1: Norms ‖σ‖λ versus time t, where the points
and lines correspond to different initial states (see
the text), EJ = 51.8µev, T = 30mk and η = 10
−6.
The unit of the time in the Figs. is 6.582× 10−10s.
It is shown that when the initial state is ρ (0) =
|ϕ〉00 〈ϕ| , ‖σ (t)‖λ is the maximum and it equals to
D = 12
(
1− e−B2(t)
)
(plotted by points in the Figs.). We
denote the low decoherence (D ≤ 10−4) time τ ld. From
Fig.1a we obtain τ ld ≈ 7.5 × 10−2 × 6.582 × 10−10s =
49.4ps. We denote the elementary gate operation time,
the characteristic time τg. In this case, τ g = ~/EJ ≈
12.7ps. It is shown that the low decoherence time is larger
than the single gate operation time, namely, τ ld > τg.
The fact means that within the whole time of elementary
gate operation, D ≤ 10−4. Theoretically, the design can
satisfy the DiVincenzo low decoherence criterion. A fur-
ther study shows that when the temperature decreased
and the Josephson energy EJ increased the qubit can be
improved. It is also shown that the decoherence increase
with the increasing of dimensionless strength of the dis-
sipation η.
IV. CONCLUSIONS
In this paper we investigated the short-time decoher-
ence of the JCQ. We show schematically the behavior
of ‖σ (t)‖λ. It is shown that for a JCQ the decoherence
derive from the dissipation is small enough according to
the DiVincenzo criterion. It has been shown that the
decoherence of JCQ derive not only from the dissipation
but also from the quantum leakage. Fazio et al. pointed
that the decoherence from quantum leakage is also not
serious in JCQ model [18]. The two aspects information
shows that the JCQ may be a good candidate of qubit
for quantum computation.
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